We characterize sheets of white paper using three bidirectional reflectance distribution function (BRDF) model parameters estimated from the BRDF in the specular reflection plane. The radiance factors of eight types of paper sheets having a wide range of material characteristics were measured for 284 geometries in the specular reflection plane. They were approximated within an average error of 4.5% using a linear combination of Torrance-Sparrow and Lambert's BRDF models. The proposed model well approximated the BRDF of samples in the specular plane. Based on the estimated BRDF model parameters, the eight measured paper sheets could be broadly classified into glossy papers and rough papers. The two glossy papers were distinguishable from each other, while the six rough papers could be classified into three groups using the BRDF model parameters. The proposed method is considered to be effective for characterizing a wide range of white paper ranging from glossy to matte paper.
Introduction
Identification of paper sheets based on their appearance is both an important skill and a challenging problem. Paper is used extensively in everyday life. There are various types of paper having a range of different material characteristics, including different levels of glossiness and roughness. Quantitative evaluation of the material characteristics of paper is important in the paper and printing industries for assessing the grades of paper, and in machine vision-which promises to replace manual visual inspection of paper. It also is important with respect to archiving historical documents and paintings. Finally, it is also crucial in criminal investigations that use evidence based on the forensic analysis of documents such as counterfeit banknotes and security documents, as well as threatening and harassing letters.
The visual aspects of paper sheets are considered to have relationships mainly with their optical properties. Concerning the optical properties of paper sheets, various ISO test standards have been determined, for example whiteness 1 , opacity 2 , color [3] [4] [5] , diffuse reflectance factor 6, 7 , scattering and absorption coefficient 8 , and specular gloss [9] [10] [11] . These standards serve as industrial standards, and they are widely applied to a diverse range of measurement instruments such as a gloss meter. In particular, with respect to the glossiness of paper sheets, the relationship between topography and gloss 12 , and their relationships with the psychological sensory scale have been studied 13, 14 . However the measurement geometries are fixed in one direction for these indexes, therefore they may show only one aspect of the optical properties. For example, conventional specular gloss is insufficient to represent the off-specular phenomenon that is frequently observed in paper sheets with rough surfaces.
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The bidirectional reflectance distribution function (BRDF) 15 is considered to be essential for the characterization of white paper sheets based on their appearances, as it has the ability to represent various aspects of the optical reflection properties of an object.
BRDF represents the optical reflection property of objects as a function of four variables expressed in terms of geometrical coordinates. It describes how an object converts incident illumination into reflected light. The material characteristics of white paper sheets are considered to be strongly related to their BRDF. However, raw BRDF data is complicated when it comes to representing material characteristics, therefore it is necessary to parameterize BRDF by modeling the optical properties of paper sheets.
Concerning the optical modeling of paper sheets, the Kubelka-Munk theory was developed to describe the propagation of light in turbid media 16, 17 . Since its introduction in the 1930s, several modifications have been made to the Kubelka-Munk theory to extend its applicability. The Kubelka-Munk theory is convenient in that it provides an analytical solution. However, it does not describe BRDF, as the only directional information it gives is in the upward or downward directions. Another approach was developed based on radiative transfer theory 18 , which introduces phase functions such as Henyey-Greenstein phase functions 19 . Angle-dependent light scattering distributions were generated by introducing multi-flux theory, which solves the radiative transfer equation
by splitting the directional information into multiple channels 20, 21 . This approach is based on the discrete ordinate radiative transfer model introduced by Mudgett and Richards 22 .
However, these methods yield numerical solutions rather than analytical solutions, making it difficult, generally, to obtain model parameters from the results of BRDF measurements.
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A BRDF model is a reasonable strategy for approximating the BRDF of objects, and the parameters in the BRDF model are considered to be effective in representing the material characteristics of objects. A BRDF model is a mathematical model for BRDF, and it is able to fit to a BRDF sampled at sparse geometries. Typical BRDF models parameterize in terms of diffuse and specular reflection components, using parameters related with the sharpness or roughness of the specularity. Numerous BRDF models have been introduced, as summarized by Nayer 23 . In our previous study, we found that the TSL model 24 , which is a linear combination of two BRDF models: the Torrance-Sparrow model 25 for specular components, and the Lambert model 26 for diffuse components, gave good approximations for the BRDF of gold-coated paper sheets.
In the estimation of BRDF model parameters, it is significant to reduce the number of measurement geometries to achieve efficient characterization, as the measurement task of BRDF generally become more time-consuming and cumbersome as the number of reflectance measurements increase. Concerning the problem of importance sampling in BRDF measurements, an incremental method to minimize uncertainties in estimating BRDF model parameters was proposed by Lensch et al. 27 . Techniques to estimate the appearance of an object from a sparse set of images were extensively reviewed in their study 27 , and are mainly based on an image-based method. The measurements in these studies were performed using a point light source [28] [29] [30] [31] [32] [33] [34] or by inverse global illumination [35] [36] [37] [38] [39] . However, contrary to the computational approaches listed above, the empirical approaches toward the problem are also considerable.
Measurement geometries in the specular reflection plane are important for the characterization of white paper sheets, as these geometries reveal a lot about the 7 characteristic features of white paper sheets. In the case of glossy paper, a sharp, intense specular peak appears in the specular reflection plane. Paper with a fiber-containing surface also exhibits distinct forward scattering, which produces a large lobe in the BRDF at angles much larger than the specular reflection angle near the specular plane 40 . Trained forensic document examiners learn by experience that it is important to observe the luster of paper sheets under specular geometries to perceive the material characteristics of paper sheets. They also observe the intensity of diffuse reflected light under ordinary geometries, for example geometry 45/0, in order to make a contrast with the luster stated above.
Therefore in this study, we attempt to characterize white paper sheets using TSL model parameters estimated from the BRDF data in the specular reflection plane. Furthermore, we study an empirical strategy in reducing the number of measurement geometries and the feasibility of selecting geometries in the specular reflection plane in order to achieve an efficient characterization of white paper sheets.
TSL model
In this study, the BRDF of samples was approximated using a linear combination of 41 , which expresses the BRDF as a linear combination of surface and body reflection components.
In our previous study, we found that the TSL model gave good approximations for measurements of gold-coated paper sheets 24 . Light reflected from paper sheets consists of The TS model is considered to be suitable for paper sheets as the assumptions in the model are consistent with the structure of paper surfaces. One assumption of the TS model is that the surface consists of a collection of V-grooves. Figure 1 shows the microscopic observation of a paper for plain photocopies processed with gold evaporation. Microscopic observations of the surfaces of paper sheets reveal that they consist of tiny fibers that are randomly distributed and are intertwined with each other.
Their appearance resembles an assembly of V-grooves randomly distributed in all azimuthal directions. The L model was introduced to represent homogeneous diffuse reflection properties, and it has been used as a model for the BRDF for approximating the BRDF of paper sheets. The TSL model in the specular reflection plane is represented by 
where,  is the refractive index.  
is the geometrical attenuation factor that expresses the shadowing and masking effects 25 . Blinn 42 gives a detailed description of this term, which may be summarized as
Geometrical variable a  is the angle between surface normal n and half vector a .
Materials and method
Samples for analysis Table 1 lists the specifications of the analysis samples. Eight types of paper sheets were analyzed. Glossy paper (G), semi-glossy paper (SG), matte coated paper (MC) and paper for plain photocopies (PPC) were the photocopy papers and printing papers. The Japanese papers (J1~J4) were traditional Japanese papers called washi, used for archiving documents in former times. They are currently used for calligraphy, and for arts and crafts. The Japanese papers were made from plant materials such as paper mulberries and mitsumata, which is a variety of daphne.
The appearances of the analysis samples are shown in Fig. 3 . In this figure, each sample was in rounded shape in order to show its material characteristics such as roughness and glossiness. These samples had different material characteristics. Intense, sharp highlights were observed in sample G. They were also observed in sample SG, but their intensities were weaker and their widths were broader than those of the glossy paper.
Gloss was not observed in samples PPC and MC. The surfaces of samples J1~J4 were generally rough and no coated materials were observed under microscopic observation. A slight gloss was observed in samples J1 and J2, but no gloss was seen in samples J3 and J4.
Each sample measured 60 mm by 150 mm. Although some printed lines and characters are seen on the paper sheets in Fig. 3 , measurements were performed on areas in which there were no such lines and characters.
Measurement of gonio reflection properties in the specular reflection plane
The gonio reflection properties of the samples were measured at the geometries in the specular reflection plane. We used a gonio-spectrophotometer (Murakami Color Research Laboratory, GCMS-4) for the measurements. Measurement geometries are listed in Table   2 . We took measurements at 284 geometries, which is the combination of four illumination directions and 71 observation directions. Each geometry is in the specular reflection plane.
For each geometry, spectral radiance was measured for wavelengths from 390 nm to 730 nm at 10-nm intervals. Y values were calculated from spectral radiance factors under the condition of D50 illuminant and CIE 1931 10-deg standard observer. Radiance factors were calculated from the Y values by normalizing with the data for a perfect diffuser (i.e., Y=100).
Characterization by TSL model parameters
We characterized the material characteristics of white paper sheets using TSL model parameters, which were estimated from the radiance factors of the samples in the specular reflection plane. The radiance factors can be approximated by the BRDF model as they are equal to the BRDF normalized by a constant (=  1 ), which is the BRDF of a perfect diffuser.
The TSL model parameters were estimated to minimize the Euclidean norm between the measured value and TSL model approximation. The estimation was performed by using the nonlinear optimization function "fmincon" 43 Table 3 .
The deviation between the TSL model approximation and the measurement value was evaluated by observing the data plotted against observation angle r  for each incident angle i  . The deviation was also numerically evaluated by normalized mean absolute error (NMAE). NMAE n E is expressed as follows 
where   i r; a f is the approximated value, N is the number of measurement geometries.
In this study, N = 284. The reason we used NMAE and not the Euclidean norm was the significant difference in dynamic range among the samples. By normalizing the range of the radiance factor of each sample, we evaluated the precision uniformly among the different types of paper sheets.
Parameter estimation from geometrically sparse data
We reduced the number of measurement geometries for parameter estimation using the following two strategies. In each strategy, the number of observation directions was reduced.
Strategy1: Constant distribution of observation directions
In the first strategy, we reduced the number of observation directions at a constant interval. The measurement geometries for Strategy 1 are listed in In each selection, the following three observation directions were included, surface
, and maximum of r  ( r  =70). According to the increase in sampling geometries, a new sampling geometry was added by dividing equally the largest section of r  .
Strategy 2: Dense distribution only around specular directions
In the second strategy, we reduced the number of geometries by distributing 
Results and Discussion

Gonio reflection properties in the specular reflection plane
The gonio reflection properties in the specular plane were different among the samples. The NMAE between the TSL model approximation and the measurement value was less than 4.5% for each sample. It is considered that the reason for the excellent approximation results was mainly due to the high capability of the TS model.
Characterization by TSL model parameters
The estimated TSL model parameters of each sample are shown in Table 6 . As the sample becomes glossy, roughness parameter  decreased and TS model coefficient Table 4 and Table 5 are plotted together on each figure. Samples were successfully classified in all cases for each strategy, even in the case of the smallest number of geometries, with observation direction intervals of  =35 and 10 deg for each strategy.
Classification of rough samples
Classification of rough samples (PPC, MC, J1, J2, J3 and J4) was performed by the parameter plots in the s Fig. 7 . Rough samples were clearly classified into three groups: (I) Japanese papers with a slight gloss (J1 and J2 :
), (II) PPC paper or Japanese papers without gloss (PPC, J3 and J4 :
) and (III) matte coated paper (MC :
).
This metric was also available in the case of parameter estimation from geometrically sparse data. The parameter plots in the s  -d  plane in the case of Strategy 1 and Strategy 2 are shown in Fig. 8(a) and Fig. 8(b) , respectively. The parameters in all cases listed in Table 4 and Table 5 are plotted together on each figure. Samples were successfully classified in all cases of each strategy, even in the case of the smallest number of geometries, with observation direction intervals of  =35 and 10 deg for each strategy.
Classification of glossy samples
We characterized two glossy papers (G and SG) based on roughness parameter  . Table 6 shows parameter  for G and SG was 0.8 and 1.9, respectively. However for shiny materials, the BRDF contains significant high-frequency components, and parameters obtained by fitting to a limited number of samples may mischaracterize the specular behavior of the material. and semi-glossy paper (SG). Parameter  is highly dependent on  . The background to this issue is considered to be the problem of the sharp specular peak existing in glossy papers. In order to estimate proper BRDF model parameters, it is important to detect the shape of the specular peak. In general, the width of the specular peak is narrow, and the FWHM of the specular peak was 4.3 deg in sample G, and 9.8 deg in sample SG.
Therefore, it is difficult to detect the peak shape with sampling intervals that are broader than the peak width. In every condition of measurement geometries in which TSL model parameters were properly estimated in this study, the interval of observation direction around the specular peak was smaller than the FWHM of the specular peak.
The dashed plot in Fig. 9 (a) and (b) shows parameter  , which gives the FWHM of the specular peak in the TS model equal to sampling interval  . In this study we call parameter  in such a condition l  . The value of l  is represented as follows,
As seen from Fig. 9 , parameter  was correctly estimated under the condition  > l  .
In other words, if estimated parameter  is smaller than l  , the estimated parameter may contain errors. This metric is one of the criterion by which to judge proper parameter estimation.
Classification metrics for white paper sheets
In summary, the proposed classification metrics for white paper sheets in this study are shown in Fig. 10 .
First, parameter estimation is performed using data taken at 12 geometries of Strategy 1. In the first step, the appropriateness of estimated parameter  is evaluated using the metric  > l  . If the condition is not satisfied, the number of the measurement geometry is added based on Strategy 2, and parameter estimation is performed.
By using the estimated parameters, classification between glossy and rough samples can be performed. If the sample is classified into the glossy group, classification between sample G and SG is performed based on parameter  . If the sample is classified into the rough group, further classification is performed based on parameters s  and d  .
In future work, a further reduction of measurement geometries is required for more efficient and practical characterization. However, there are many other combinations to extract a small number of geometries from the total 284 geometries. Adaptive positioning of measurement geometries according to the gonio-reflection properties of paper samples remains a challenging problem for future work.
Conclusion
We proposed a characterization metric for white paper sheets based on TSL model parameters. Efficient characterization was achieved by model parameter estimation from a small BRDF number at sparse geometries in the specular reflection plane. Eight sheets of white paper were properly classified into five groups by using the two criteria successively. The first criterion classified the samples into two (glossy or rough) groups.
The second criterion classified rough paper samples into three groups. Glossy papers were characterized by a roughness parameter in the TS model. The model parameters required for the first classification were estimated from the BRDF data at 12 geometries.
The parameters estimated for the first classification were effective for the second classification of rough paper samples. The roughness parameters used for the characterization of glossy papers should be estimated from the BRDF data sampled at a smaller interval than the FWHM of the specular peak. It proved an effective strategy to distribute measurement geometries densely only around the specular direction for 19 efficient model parameter estimation. In summary, the proposed method was considered an efficient characterization metric for white paper sheets in a wide range of material characteristics. The dashed plots shows the value l  , which gives the FWHM of the specular peak in the TS model equal to sampling interval  . Figure 10 Classification metrics for white paper sheets in this study. Table 1 Specifications of the analysis samples. Table 2 Geometries for BRDF measurements. Table 3 Lower and upper bounds of TSL model parameters in estimation. Table 4 The measurement geometries for Strategy 1 of the parameter estimation from geometrically sparse data. Table 5 The measurement geometries for Strategy 2 of the parameter estimation from geometrically sparse data. 
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